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P FA F F I A N  F O R M  O F  C O N S T R A I N T S
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I N T E G R A B I L I T Y  C O N D I T I O N S
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P FA F F I A N  C O N S T R A I N T S  F O R  T H E  U N I C Y C L E  
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U N I C Y C L E  K I N E M AT I C  M O D E L
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P L A N N I N G  ( A  PAT H ,  A  T R A J E C T O R Y )

It’s an inverse kinematic problem + Require motion control
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P L A N N I N G :  S PA C E - T I M E  C O M P O N E N T S
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F E A S I B I L I T Y  O F  A  PAT H
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F R O M  G E O M E T R I C  T O  V E L O C I T Y  I N P U T S



11

F E A S I B L E  G E O M E T R I C  PAT H  F O R  U N I C Y C L E
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PAT H  P L A N N I N G  E X P L O I T I N G   
D I F F E R E N T I A L  F L AT N E S S

• Assigning a trajectory for a dynamic system equals to assign its outputs, in space and/or 
time. In particular, for a mobile robot, an output is a pose in the environment, while a 
trajectory is a sequence of poses, possibly specified through a time parameter.  

• Therefore, in the case of differential flatness, once an output trajectory is assigned in terms 
of some variable y, the associated trajectory of the state x and history of control inputs u 
are uniquely determined. 
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D I F F E R E N T I A L  F L AT N E S S  F O R  U N I C Y C L E
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D I F F E R E N T I A L  F L AT N E S S  F O R  U N I C Y C L E

For the unicycle (and bicycle) models, the Cartesian coordinates of the 
robot’s reference point are flat outputs,                                  

both for path (depending on s) and trajectory following (depending on t)

• In case of path following, a path is provided as a set of points to be followed 
in space:

(x(s), y(s)), s 2 [0, 1]

q(s) = [x(s), y(s), ✓(s)]T , s 2 [0, 1]

• The associate state path in configuration space:

• The orientation of the robot is derived using the flat outputs based on the 
constraint  equations (that guarantee the kinematic feasibility)

✓(s) = atan2(ẏ(s), ẋ(s)) + k⇡ k = 0 forward motion, k = 1 backward motion
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D I F F E R E N T I A L  F L AT N E S S  F O R  U N I C Y C L E

The kinematic inputs (velocity controls to wheels) that would move the robot along 
the path (x(s), y(s)) are also obtained from kinematic equations using flat outputs: 
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D I F F E R E N T I A L  F L AT N E S S  P L A N N I N G
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D I F F E R E N T I A L  F L AT N E S S  P L A N N I N G
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D I F F E R E N T I A L  F L AT N E S S  P L A N N I N G
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D I F F E R E N T I A L  F L AT N E S S  P L A N N I N G
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T R A J E C T O R Y  T R A C K I N G
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U S E  O F  D I F F E R E N T I A L  F L AT N E S S
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M O T I O N  C O N T R O L  F O R  T R A J E C T O R Y  T R A C K I N G

Error representation
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E R R O R  D Y N A M I C S
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L I N E A R I Z AT I O N
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S TA B I L I T Y
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N O N - L I N E A R  I S  S TA B L E


