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FIXED-POINT, PERIODIC, STRANGE ATTRACTORS

Up to second-order 
systems, ! ≤ 2

For higher order systems, ! ≥ 3, novel geometry 
of attractors and complicated aperiodic dynamics 
can be observed

Poincaré-Bendixson theorem

Regular attractors:
§ Points (topological dimension: 0)
§ Curves (topological dimension: 1)

Strange attractors:
§ Fractal dimension ≠ Topological dimension
§ Lorenz attractor: Fractal dimension 2.06
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ATTRACTORS

Informally: a set to which all neighboring trajectories converge

Attractor:
§ A closed set '

§ ' is an invariant set: any trajectory ((*) that starts in ' stays in '

§ ' attracts, as * → ∞ an open set of initial conditions: there is an open set 
.	that contains ',		such that, if ((0) ∈ ., ((*) tends to '	as * → ∞.	
'	attracts an open set of initial conditions that starts near '.	The largest 
set . is '’s basin of attraction

§ ' is minimal: there’s no proper subset of '	that satisfies previous properties

Stable fixed points Stable limit cycles
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EXAMPLE

(+1,0)

(−1,0)
(0,0)

Is 7 = {−1 ≤ : ≤ 1,; = 0} an attractor?

ü Closed set

ü ' is an invariant set

ü As * → ∞, it attracts an open set of initial conditions:

v Is minimal L. No, the fixed points (±1,0) are inside the closed set 
7.	Actually they are the only attractors for the system
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STRANGE ATTRACTORS

Strange Attractor:
§ An attractor that exhibits sensitive dependence on initial conditions

§ Two initial conditions in the set .	that are arbitrarily close at 
* = 0, become far significantly far apart as * grows over time, 
but still remain confined in the set that defines the attractor 

§ Geometrically: Has fractal dimension

§ Deterministically chaotic attractors

https://en.wikipedia.org/wiki/File:A_Trajectory_T

hrough_Phase_Space_in_a_Lorenz_Attractor.gif

https://commons.wikimedia.org/wiki/File:Lorenz.ogv



6

LORENZ SYSTEM (1963)

§ : is related to the intensity of fluid motion from bottom to up

§ ;, >	are related to temperature variations, respectively, horizontally and 
vertically

§ ?, @ are related to the material and geometrical properties of the fluid, 
and on earth’s atmosphere is reasonable to set ? = 10, @ = 8/3

§ C is proportional to the temperature difference between the layers and 
it’s the most “interesting” parameter 
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GENERAL PROPERTIES

§ Symmetric in ((, D): substituting (:, ;) with (−:,−;) doesn’t change 
the system à if : * , ; * , > * is a solution à −: * , −; * , > *
is also a solution

§ Dissipative system: volumes in the phase space contract under the 
flows
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FLOWS AND DIVERGENCE

A vector field E

Divergence operator of the field E
is a scalar function of (:, ;, … ) that 
measures the change in a point due 
to the vector field

Think of a vector field in terms of 
the fluid flow that it could 
generate: the change in density of 
particles about a point is measured 
by the divergence
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FLOWS AND DIVERGENCE

Density decreaseDensity increase Density unchanged

Point is a sink Point is a source Point is a transit
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FLOWS OF INITIAL CONDITIONS IN THE PHASE SPACE

How a solid ball of initial conditions gets transformed by the flows of the 
dynamical system? (think about the previous analogy with solid points, 
with infinitely many of them, all packed in an n-dimensional ball)



11

REGULAR VS. CHAOTIC SCENARIO

If point X goes to the green attractor, 
the same happens for all points in an 
open neighborhood about X. The volume 
of the initial conditions may stretch or 
contract but will not be dispersed, they 
will stick together

Point X goes to the green attractor, but the 
same does not happen for the points in its 
neighborhood. In the example, they end up in 
different attractors, but, more in general, they 
will end up generating  different aperiodic 
orbits, dispersing the volume of the initial 
conditions
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VOLUME CONTRACTION: FORMALIZATION

§ Closed surface G * of a volume 
H(*) in the phase space

§ (infinite) Set of initial conditions

§ Let’s evolve it for I*à G * + I*

§ What is the volume H * + I* ?

Side view of the volume

§ K is the instantaneous velocity of the points subject to the field
§ In I*,	a patch of area I', sweeps out a volume K L M	I* I'

Normal to the 
surface in (:,;)

Vector field in (:,;)
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VOLUME CONTRACTION

Divergence theorem in 3D: the total flux across the boundaries of a surface 
G, that in our case is ∫ K L M	I'O , equals the total  divergence of the vector field 
K inside the entire volume H	enclosed by the surface, ∫ P L K	IHQ

Lorenz system

Volumes shrink 
exponential fast!

⟹

H * = H(0)ST(UVWVX)Y
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NO REPELLING

§ A Lorenz system cannot have repelling fixed points or repelling closed orbits

§ Repellers are in contradiction for volume contraction, since they are 
sources of volumes

§ Let’s enclose a repeller with a solid surface of initial conditions nearby 
in the phase space

§ A short time later, the surface (e.g. a sphere) will have expanded 
because the trajectories are driven away

§ à Volume of the surface would increase and not decrease!

à All fixed points must be sinks, or saddles

à All closed orbits (if exists) must be stable or saddle-like
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FIXED POINTS

(0,0,0) is a critical point for all values of C, asymptotically stable for C < 1

Additional critical points for C > 1, 
linearly stable for

\V

\T

For C > C] everything seems to 
be unstable and diverge…. 
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BIFURCATIONS

§ Continuously changing the parameter C, determines changes in both the 
number of critical points and in their stability

§ A sort of mechanics (i.e. motions and forces) seems to arise in the phase 
space, determining attractions, collisions, transfers of properties, and 
generation of new critical points out of old ones à Bifurcations

§ From C < 0	 → C = 0,	the unstable saddle point “moves” toward the stable 
node in (0,0), and at C = 0 they collide: the resulting new critical point is half-
stable (~ it inherits the properties of both critical points)

§ As soon as C turns to a positive values, a new critical point, a stable node, 
appears, while the previous, half-stable point  at the origin, remains a critical 
point but becomes unstable for all C > 0
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SADDLE-NODE BIFURCATION

Bifurcation diagram

Dangerous / hard bifurcation
The change remove critical points Saddle-node bifurcation
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TRANSCRITICAL BIFURCATION

While the equilibrium point persists through the bifurcation at _ = 0,	the point 
(0,0) changes from a stable node to a saddle, and the point (_, 0) changes from 
a saddle to a stable node: they swap their stability, without changing the number 
of critical points (transcritical bifurcation)

Two critical points: (0,0) and (_, 0)

(0,0) is a stable node for _ < 0,
a saddle for _ > 0

(_,0) is a saddle for _ < 0,
a stable node for _ > 0

Dangerous / hard
Safe / soft
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PITCHFORK BIFURCATION: SUPERCRITICAL

Pitchfork bifurcation - Supercritical

Two new stable equilibrium are generated at the bifurcation. The original, 
equilibrium point, changes its stability, from stable to unstable

Safe / soft
New equilibrium 
points, stable are 
generated
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PITCHFORK BIFURCATION: SUBCRITICAL

Pitchfork bifurcation - Subcritical

Dangerous / hard
Two unstable 
equilibrium points are 
absorbed in the 
previously unstable 
one, that in turn loses 
its stability
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PITCHFORK BIFURCATION

:̇ = C: − :a :̇ = C: + :a

Supercritical / Safe Subcritical / Dangerous
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HOPF BIFURCATION

§ A point where a system's stability switches and a periodic solution arises
§ It is a local bifurcation in which, depending on a parameter, a fixed point loses stability, 

as a pair of complex conjugate eigenvalues (of the linearization around the fixed point) 
crosses the complex plane imaginary axis. Under reasonably generic assumptions about 
the dynamical system, a small-amplitude limit cycle branches from the fixed point.
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HOPF BIFURCATION
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HOPF BIFURCATION

https://en.wikipedia.org/wiki/File:Hopf-bif.gif
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TOWARD THE CHAOS

C = 21, different initial conditions

The convergence gets much longer, depending on the initial condition

Let’s go back to our Lorenz system …. 
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WHAT HAPPENS FOR LARGER R?

C = 28

Aperiodic behavior, the values are however confined in [-16,16]
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TWO SIMILAR INITIAL CONDITIONS

They start together but they completely diverge from each other, still being 
bounded in the excursion of the values
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IN THE PHASE SPACE
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STRANGE ATTRACTORS

Try it yourself!
§ Check the python functions and animations in the file viz-attractor.py 

on course website
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DETERMINISTIC CHAOS, A DEFINITION
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VIDEOS TO WATCH!

https://www.youtube.com/watch?v=c0gDLEHbYCk

https://www.youtube.com/watch?v=SlwEt5QhAGY

§ Two beautifully instructive videos about deterministic chaos:


