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Abstract. Many different real world problems can be modeled in mathematical terms as a Sequential Ordering Problem.
This combinatorial optimization problem can be seen as a scheduling problem with precedence constraints among the jobs.
In the present paper a novel branch and bound method that manipulates and exploits the structure of the precedence constraints
to decompose the problem in smaller suproblems is introduced. Computational experiments on benchmark instances commonly
adopted in the literature are presented. Improvements to best-known results are found by the new approach.
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Introduction
The Sequential Ordering Problem (SOP) is a combinatorial optimization problem. Given a directed graph, a set of
precedence constraints between pairs of vertices and a strarting vertex, it requires to find the minimum cost Hamiltonian
tour. When a tour visits the vertices fulfilling the given precedences, it is declared feasible.
Practical problems that can be modeled as SOPs are those that ask to find a permutation of a set of jobs that
minimizes the total time or cost required to complete them. This sort of problems commonly arises in all the stages
of the life cycle of a commercial product and the ability to solve them efficiently represents a substantial edge
over the competitors. For example, (Ascheuer 1996) focuses on removing the bottlenecks created by a naïve
management of a stacker crane in a manufacturing systems. The abstract formulation naturally adapts also to
many transportation problems, as in (Pulleyblank and Timlin 1991), where the authors illustrates how to minimize the
distance flown by a helicopter that must connect some offshore platforms. Another field where the knowledge of
good SOP algorithms makes the difference is the scheduling of the load/unload operations in container terminals,
as described in (Stahlbock and Voß 2008).
It is possible to derive some simple relations between the SOP and other combinatorial problems. For example,
a SOP without precedences is equivalent to an Asymmetric Travelling Salesman Problem (ATSP) and when the
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latter has symmetric costs we can refer to it as Travelling Salesman Problem (TSP). Looking at the reductions in
the opposite way, we can say that if an algorithm is able to solve any SOP, then it will be able to tackle any ATSP
or TSP instance. These similarities allow us to state that the SOP must be at least as hard as the TSP: in fact, both
are in the NP-hard class. The problem has been initially formulated in (Escudero 1988) as the underlying model
for a production planning system. The algorithm proposed expolits promerties of the ATSP polytope, and the
mathematical model is reinforced with inequalities able to exploit the presence of a partial order to provide tighter
bounds and to remove infeasible sequences. The same direction is taken by (Ascheuer et al. 1993), that illustrated
how to generate valid cuts by means of a polynomial time separation algorithm. The cutting plane approach was
used, in combination with a Lagrangian relaxation, in (Escudero et al. 1994). The work presented in (Ascheuer
1996) contains a huge collection of known and new valid cuts for the ATSP and SOP. It reports also the performances
of a branch and cut solver applied on real problems faced in the management of manufacturing systems. A later
work, presented in (Hernadvolgyi 2003) and (Hernadvolgyi 2004) aims at generating good lower bounds by
means of a technique, called “State Space Lattice Abstraction”, that reduces the instance size. From a more abstract
point of view, all these publications deal with the definition of the SOP polytope facets. A more in depth analysis
of the influence of the precedences on the ATSP convex hull is reported in (Balas et al. 1995). Also the
metaheuristic field has followed a similar path: the existing ATSP algorithms have been adapted to enforce the
requested vertex order. A naïve approach was used in (Ascheuer 1996): a solution for the relaxed ATSP instance
was computed and checked: all the unfeasible ones were simply rejected. In the area of genetic algorithms, (Chen
and Smith 1996) and (Moon et al. 2002) introduced a series of crossover operators that preserve the tour feasibility.
In (Pulleyblank and Timlin 1991) improvements have been recorded thanks to the use of the Voronoi quantized
crossover that adopts complete graph representation. The opportunity given by the spread of parallel execution
environments has been taken by [9], that describes a multithread implementation of a rollout algorithm. The ant-based
metaheuristics have been modified such that every agent is aware of the moves forbidden by the precedences: it is
the case of ACS-SOP. In (Gambardella and Dorigo 2000) the authors described HAS-SOP: an algorithm that
couples ACS-SOP with a 3-opt local search. The LS has been further optimized by means of a stack that keeps
track of the most promising regions to rescan. The effectiveness of this algorithm is affected by the density of the
precedences: (Montemanni et al. 2007) and (Montemanni et al. 2008a) has shown how to exploit this property by
artificially enforcing those precedences that are more likely to be fulfilled by the optimal solution. The effectiveness of
the proposed local searches, the ant colony matheuristics and the heuristic manipulation technique has been evaluated
in (Montemanni et al. 2008b) and (Montemanni et al. 2009) taking the quay crane assignment problem as a
benchmark. Particle Swarm Optimization (PSO) has also been applied with success to the problem. At first
glance it seems unnatural to code the solution of a combinatorial optimization problem by means of position and
speed vectors: an intermediate step was necessary to find an abstraction of these concepts, that are normally related
to the continuous world, that has permitted to encode and operate on permutations. This gave rise to the hybrid
discrete PSO described in (Anghinolfi et al. 2009) and (Anghinolfi et al. 2011). A matheuristic approach
(Maniezzo et al. 2009) combining a Mixed Integer Linear Programming solver and an Ant System in a simple but
effective way has been described in (Mojana et al. 2011) and (Mojana 2011).
In this paper we present a branch and bound approach for the SOP which exploits the structure of the
precedences to decompose the problem in smaller subproblems. Such an approach is tailored for instances dominated
by precedences, like those of the SOPLIB2006 dataset (Montemanni et al. 2008a). The innovation of the method
resides in the idea that adding artificial precedence constraints can lead to some very favorable structures of the
precedence graph, that can in turn lead to a decomposition of the original problem. A preliminary version of this
work has appeared in (Mojana et al. 2012).

Problem Description
The SOP can be modeled in graph theoretical terms as follows. A complete directed graph D = (V, A) is given,
where V is the set of vertices and A = {(i,j)| i,j ∈ V} is the set of arcs. A cost cij ∈ N0+ is associated with each arc
(i, j) ∈ A. A fixed starting vertex 1 ∈ V, that by definition is the first and last vertex of the solution-tour. Furthermore
an additional precedence digraph P = (V, R) is given, defined on the same vertex set V as D. An arc (i, j) ∈ R,
represents a precedence relationship, i.e. vertex i has to precede vertex j in every feasible tour. The precedence
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digraph P must be acyclic in order for a feasible solution to exist, and is also assumed to be transitively closed.
By definition, for the last arc traversed by a tour (entering vertex 1), precedence constraints do not apply. A tour
that satisfies precedence relationships is called feasible. The objective of the SOP is to find a feasible tour with
the minimal total cost.
Notice that the problem can alternatively be represented as a scheduling problem with precedences, sometimes
referred to as an open ATSP with precedences. It is sufficient to duplicate the starting vertex 1 into a ending vertex
|V|+1 (with a precedence constraints between each vertex and the ending vertex) and impose that each feasible
solution (that is not a tour anymore) starts in 1 and ends in |V|+1 after having visited all the vertices, while fulfilling
precedence constraints. Such a structure can be sometimes useful to make reasoning simpler (see Section 4.1).

Fig. 1. Example of integer feasible solution for the flow model.

A mixed integer linear programming formulation
The mathematical model we adopt is the two-commodity network flow formulation discussed in (Moon et al.
2002), where however no experimental study was presented. To have a better understanding of the meaning of
the formulation, we will briefly describe the underlying scenario, taking Figure 1 as a reference. The SOP can be
seen as the problem of optimizing the tour of a pickup and delivery truck that must satisfy the needs of a set of
customers. The starting vertex 1 produces |V |−1 units of commodity p and the other vertices consume one unit
each. For the second commodity q, it is the other way round: the starting vertex 1 requires |V |−1 units and the
others provide one unit each. To fulfill all the requests, a hypothetical vehicle starts from vertex 1 filled with |V |−1
units of commodity p, visits all the vertices in a certain sequence and for each one of them it delivers one unit of
p and picks up a unit of q. When the vehicle returns to the depot, the collected quantity of q will perfectly satisfy
vertex 1 needs. The resulting mathematical formulation is the following one:
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Variables ypij (yqij) correspond to the quantity of commodity p (q) carried from i to j. The binary variables yij,
together with constraint (5), prevent the vehicle from “splitting” and following two different paths. The constraints (2)
and (3) represent the flow balance equations. Every customer produces one unit of commodity q and consumes
one unit of commodity p, so during the tour the vehicle load is always |V |−1 (imposed by equation (4)).
Precedences are enforced in constraints (6), exploiting the fact that the quantity of commodity p decreases along
the tour. Finally, the objective function simply does the summation of the cost of the traversed arcs.

A branch-and-bound algorithm
The SOP shares with all the other NP-hard problems the characteristic that the time for solving an instance grows
exponentially with the size of the instance (intended as number of vertices, i.e. |V |). It is also easy to experimentally
see that the effort necessary to close an instance is heavily affected by the number and the structure of the precedence
graph edges. When the graph P is very dense, i.e. a precedence relation is defined for almost every pair of vertices,
it is trivial to find what is sometimes the only feasible solution. The same happens in the opposite situation: when
the precedence graph does not contain any edge, the problem reduces to ATSP. The worst case is when the number
of precedence is midway from the maximum and zero. This reasoning cannot be limited to the raw quantity of
edges in P, it is in fact interesting to investigate peculiar (sub)structures that could be exploited by a solving procedure.
We have focused our interest on a particular structure that will be described in details in Section 4.1. When such a
structure is detected, the instance can be split in two independent problems. The strategy that we would like to
present in this paper comprises two steps: in the first we artificially create the aforementioned condition and in
the second we split the problem. The execution speed increases dramatically because solving the two small
subproblems requires less effort w.r.t. solving the originating one. These two steps can be applied recursively also
to subproblems giving rise to a branch and bound framework. The exact procedure to build the search tree will be
explained in the following sections. In the description we will use the name node for a search-tree node of the
branch and bound tree, while we will stick to the name vertex while referring to an element of set V.
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Fig. 2. Fixed vertex decomposition.

The decomposition idea
We present a decomposition technique that can be integrated in a MILP solver. The goal is to split the original
problem in two or more parts, solve them separately and recombine the solutions. Ideally we would like to find k
subsets of vertices such that a solution for the original instance is given by the concatenation of the solutions of
the k subproblems. Such a decomposition is particularly interesting when the subproblems are of the same type of
the parent, so we can exploit the same algorithms and moreover they can be applied recursively. This can be done
for example when the precedence relation R contains a structure like the one in Figure 2(a) for the case with k =
2. Notice that in the figure the open ATSP representation of the problem introduced near the end of Section 2 is
used for simplifying the reasoning. Vertex 5 is connected to all the other vertices, so we know in advance which
of them will precede or follow it. Such a vertex will be referred to as fixed vertex. Following the schema in Figure
2(b), each feasible solution starts as usual with 1, then we proceed with a permutation of the vertices {2,7}, going
on we find the fixed vertex 5, after that there will be a permutation of the vertices {3, 6, 4} and the sequence closes
with the ending vertex 8. In this case we can split the problem in two parts: the first composed of vertices {1, 2, 7,
5} and the second of the vertices {5, 3, 6, 4, 8}, with vertex 5 playing the role of the ending vertex in the first
subproblem and of the starting vertex in the second subproblem. All the precedences between vertices in the same
subproblem are still valid and those between different subproblems are already enforced by the split. We integrate
the discussed idea in a branch-and-bound approach with the aim of introducing artificial precedence constraints
in such a way to create new fixed vertices in the SOP instance.
The algorithm
In section 4.1 we have described a precedence structure that can allow us to greatly reduce solver effort. It can be
applied as is in a preprocessing step, but it is often the case that these structures are incomplete, so it is impossible to
decompose the problem without manipulating it. Every problem modification must be applied paying much attention
at preserving the completeness of the search.
Let us assume that in problem Pr there is a vertex i that has a precedence relation with almost all the other vertices,
but not with vertex j. This would prevent us from applying the decomposition seen in Section 4.1. What we could
do to reach the structure in Figure 2(a) is to artificially add the precedence i→j. This is however not possible,
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because it would bias the search by removing a priori a set of solutions that could contain the optimal one. This
issue is easily avoidable by creating two subproblems: Pr’, which is a clone of Pr augmented with i→j, and Pr”,
which is derived from Pr and completed with j→i. Since the two added precedences are symmetric, the two
subproblems Pr’ and Pr” form a partition of the search space of Pr. At this point we know two operations that
can be applied to a problem Pr and that generate two subproblems Pr’ and Pr”:
 Split: Pr is divided in two problems of smaller size. An optimal solution for Pr can be rebuild by concatenating
those of Pr’ and Pr”. It can be applied only if a fixed vertex is present.
 Add an artificial precedence: in this case Pr’ and Pr” are of the same size. To obtain the maximum effect,
the precedence added must involve a vertex that is already related with a high number of vertices. The
optimal solution for Pr is the best between that of Pr’ and Pr”.
Using these two simple operations we can implement a branch and bound algorithm. We start from creating
the search tree root using the instance given by the user, then, at every iteration, we select a node: if it contains a
fixed vertex, we apply a split, otherwise we add an artificial precedence. In the next subsections we will describe
the strategies we have chosen to identify the nodes to expand at each iteration and to select the branching to apply
on the identified node.
Selection of the search tree node to expand

Assuming a minimization problem, in a traditional branch and bound the global lower bound is typically given by
the open node with the smallest linear relaxation cost. This suggests that the only way to improve the lower
bound is to work on this node. In our case, the situation is slightly different: in the same tree we must deal with
many different subproblems and it makes no sense to compare their solutions. In order to compare the bounds, we
have to keep track of the applied decompositions to correctly recombine the subproblems. Once the nodes to
compare have been generated by a classic branching operation (adding an artificial precedence), all the classical
branch and bound relations hold. Since the beginning of the design phase, we have understood that this requirement
was of utmost importance.
The goal of the search strategy is to choose in which direction to continue the search. Concretely, given a tree,
we have to understand which nodes need our attention, i.e. which ones are currently determining the global lower
bound. In Figure 3 we can see an example of how the global LB is computed. The root children are created by
adding a precedence and its reverse to the original problem: in this case the two LB are combined with the min
function because they refer to the same subproblem. On the other hand, the node on the left at the second level is
split: the operator to put together the children LBs is the sum. The two parts of the figure illustrate some numerical
examples of what we have explained before, i.e. the differences between a normal branch and bound and one that
supports problem decompositions. Following the reasoning used to design the tool, we want to find the leaves
that form the global LB and that are worth to be searched. A random leaf among the selected one is expanded by
the algorithm in our implementation.

Fig. 3. LB propagation in the tree. The inner nodes contain the function to combine the LB of the children. The leaves that
determine the global LB are highlighted by a double border.
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Branching strategy

The role of the branching strategy is to choose how to attempt to improve the bound of a given search tree node.
To implement this, we have to consider multiple objectives:
 Complete the search as fast as possible;
 The search could take a considerable amount of time: it would be good to provide good lower bounds already
during the search. This helps also in focusing only on the most promising part of the tree;
 Do not put too much effort on easy subproblems.
 Putting all these consideration together, we have implemented the Algorithm 1.

At the beginning the problem is inspected to judge what is the probability that it can be solved in a short time.
A simple criterion (currently adopted in our implementation) is to check if the problem contains less than μ vertices
(in out tests we used μ = 20). If the problem is considered too difficult to solve at once, we would like to prove
that the expansion is not necessary. To avoid this expensive operation we solve the network formulation relaxation.
In this way, reasoning on the bounds, we can possibly delay any further operation on the node, until it becomes
an obstacle to the global lower bound improvement.
If a relaxation solution is already available, it means that the selected node must be improved. Creating a
branch is expensive, because the number of open nodes increases and the two new leaves have a difficulty level
comparable to that of the parent. So, before doing that, it is the right moment to analyze the precedence structure
to detect fixed vertices.
Given that all the previous tests failed, we are forced to create a branch. To do that we have to choose which
precedence to add. There is no exact way to follow, but some choices are smarter than others. Once again we
have to fight against a multi-objective problem:
 For every vertex, we know the range of its feasible positions inside the optimal sequence. The effort to
fix a vertex position is exponential in the size of the range, so we should try to keep it as small as possible;
 We have also to consider the centrality of the range: if it is near the ends of the sequence, it means that,
when the vertex has been fixed, we will split the problem in a part that will have a length similar to the
one of the complete problem and another part containing just a couple of vertices. In that case, the small
problem will be solved almost instantaneously, but the other will require an amount of work comparable
to that of solving the original instance. Considering that the time required to solve a problem is exponential
in its size, the total time to solve the two sub-problems, given the fixed vertex position p, is:
that — due to the exponential nature — has a minimum for p = (dim −1)/2, i.e. when the position of the fixed
vertex is in the center of the sequence.
Taking into account both requirements is not always easy: it happens that there are vertices with a small number
of feasible solutions, but very close to the ends. Before going into the details, we need to summarize some definitions:
The predecessors of a vertex are the vertices that must precede it:

R Montemanni et al

9

The successors of a vertex are the vertices that must follow it:
The free vertices of a vertex are the vertices that do not have a precedence relation with it:
The centrality of a vertex is:
Let us see how our implementation chooses the best vertex. We consider only the vertices that reside in the
central part of the sequence, i.e. those that have a centrality at least equal to:

The meaning of the formula (15) is easier to understand with an example. Let w = 0.3: we start by considering
the vertices that occupy the central 30% of the sequence; if none of them satisfies the requirement, we enlarge the
window until the most central vertices fit. When we have built the set of candidates, we select the one that minimizes
free(n). The rationale behind this procedure is that when the number of free vertices increases by one, the leaves
doubles, instead, when the vertex is not exactly in the center the penalty is much smaller.
Now that we know which vertex we want to fix, we have to choose another vertex, among free(·), to finally
build the precedence. It is worth mentioning that there is no need to choose the “direction” of the precedence: the
branch is created exactly by considering opposite directions. To choose the free vertex we will rely on the heuristic
estimates provided by the flow intensities y in the solution of the linear relaxation of the MILP associated with
the problem under investigation. We know that the new lower bound of the node will be equal to the minimum
between that of the children, so ideally, we want that the relaxation solution value of both children rises. This
translates in finding a precedence (u,v) that is violated by the current relaxation, even if reversed, i.e. such that:

Our algorithm chooses the free vertex that minimizes the left hand side of the inequality. In our experiments we
have used w = 0.3 (that was suggested by the analysis of preliminary tests).

Computational experiments
The experimental results concentrate on SOPLIB2006 instances: they look promising for the approach we propose
since they are dominated by precedence constraints (see Section 1). The MILP solver adopted in the experiments
is IBM ILOG CPLEX 12.3 (http://www.cplex.com). After having introduced the instances, we investigate the
effectiveness of the branch and bound frame- work we propose in terms of lower bounds progression and finally
we present the detailed experimental results of the method.
Benchmark instances
SOPLIB2006 has been presented in (Montemanni et al. 2008a), where the reader can find a detailed description
of the 48 instances of this datasat. The characteristics of each instance are encoded in its (file) name, according to
the schema R.n.r.p.sop, where the meaning of the placeholders is the following one:
 n: The instance size, i.e. the number of vertices |V|. The library defines problems with n ∈ {200; 300;
400; 500; 600; 700}.
 r: The maximum cost of an edge: 0 ≤ c ij ≤ r ∀i, j ∈ V. All the costs are integers produced using a uniform
pseudorandom number generator. The library defines problems with r ∈ {100; 1000}.
 p: The approximate precedence ratio. The number of random active precedences (not closed by transitivity)
is roughly proportional to: 2·p/(100·n(n-1)). The library defines problems with p ∈ {1; 15; 30; 60}.
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Lower bounds progression
Implementing such an elaborate framework like the one described in Section 4 on top of a solver makes sense only
if there is a clear advantage over the solver itself. We have therefore compared the lower bounds progression of
the CPLEX MILP solver with that of the branch and bound framework we propose run on top of CPLEX on a
same instance. The instance that has been selected for the test is R.200.100.30: it is a small instance (this makes
computations easier) but at the same time is a good representative of the whole dataset. The comparison has been
executed on a MacBook Pro equipped with an Intel Core 2 Duo, that runs at 2.53 GHz, and 4GB of RAM. Figure
4 shows the variation of the lower bound in a run of 12 hours.

Fig. 4. Lower bound trend comparison against CPLEX.

During the first minutes, the two curves are superimposed: the reason is that initially the two algorithms have
to solve the relaxation of the root and execute all the separation routines. After that point, the two plots separate.
CPLEX goes on branching with its custom logic, that has two problems: the first is that at the beginning it succeeds to
improve the bound but only very slowly, and the second is the apparent presence of a plateau. The cause can be
found in the fact that branching decisions do not allow any simplification of the problem. Moreover we know that
to improve the lower bound the most effective search strategy is “best bound”, i.e. we choose every time one of
the best nodes. This usually leads to a huge number of open nodes that are an obstacle to the improvements because,
in general, to raise the global lower bound of some units, we have to raise the lower bound of all the open nodes
by the same amount.
What distinguishes our framework is that the more we go deeper in the search tree, the more the nodes will
represent smaller problems. This decompositions compensate the explosion of the number of nodes. This explains
the regular progression shown in the plot.
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Experimental results
Over the 48 instances of the dataset, 16 have been previously solved to optimality. The results for the remaining
32 instances, for which optimality has never been proven before are summarized in the first block of rows of Table 1.
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For each of the instances we report the results obtained by our new branch and bound approach together with the
best known lower and upper bounds currently available in the literature and the corresponding optimality gap,
calculated as (UB-LB)/UB. More specifically, we report the lower and upper bounds obtained together with the
optimality gap and the computation time (in seconds) required to close the instances. A maximum time limit of
48 hours is imposed on a computer equipped with a dual AMD Opteron 250 2.4GHz processor and 4GB of
RAM. The improvements of the new lower and upper bounds over the previously best known values, calculated
as (LB – BestknownLB) / max{LB; BestknownLB} for the lower bounds and (BestknownLB - UB) / min{UB;
BestknownUB} for the upper bounds, where BestknownXB refers to the results available before the present study,
and are enclosed in brackets. In the second block of rows of Table 1 we report the results for the instances for
which optimality had been proven before. In this case, the main data of interest is the time required by the new
branch and bound method to close them (last column).
The results in the first part of Table 1 indicate that the branch and bound approach proposed in this paper is
extremely effective on the open SOPLIB2006 instances. In particular, it was able to close 8 new instances of the
32 which were still open. For these instances, 26 lower bounds and 21 upper bounds have been improved with
respect to the best known results, with an average improvement of 8.0% and 37.0% on average. The average
optimality gap for the 48 instances of the dataset is now 9.3%, which indicates the research is not far from closing
all the instances. When analyzing the second part of Table 1 we can observe how the new branch and bound
method is able to close the 16 instances for which optimality had been proven before in reasonable computation
times (very short for most of the cases), proving to be an efficient method.

Conclusions
An exact method based on a decomposition approach and leading to a branch and bound framework has been
proposed for the Sequential Ordering Problem. The new method has been specifically designed for instances with
a substantial number of precedence constraints. Experimental results have shown the effectiveness of the new
method on the target instances.
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